Abstract. We present a new criterion to predict if a character of a finite group extends. Let G be a finite group and p a prime. For N ⊳ G, we consider 
Introduction
It is a well-known and difficult problem to predict the Clifford theory of charac-10 ters of finite groups, although there are numbers of well-known criteria that involve finite group theory of the underlying groups. Here we give a different approach that makes assumptions on associated blocks and their properties. The work of [NS12] suggests that the Clifford theories of height zero characters in Brauer corresponding blocks should have some similarities. More precisely the notion of block-we give some evidence for this and an analogue for Brauer characters in a limited situation.
This situation turns out in [KS13] to be important in checking the inductive Alperin-McKay (inductive AM) and inductive Blockwise-Alperin-Weight (inductive BAW) conditions for blocks with cyclic defect groups.
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Throughout this paper G is always a finite group, p is a prime, and a block is a pblock. For N ⊳G and a block b of N , Dade introduced in [Dad73] a normal subgroup G[b] of the stabilizer G b of b in G, and established its remarkable properties. Later Murai gave a character theoretic interpretation of this group in [Mur13] . We analyse the situation where G = G [b] . For an irreducible character χ of G we investigate 10 the block of G the character χ belongs to, and we denote it by bl( χ). We write H ≤ G if H is a subgroup of G. If H ≤ G and B ′ is a block of H, we denote by (B ′ ) G the induced block (block induction) whenever it is defined. Let IBr(G) be the set of all irreducible Brauer characters of G, IBr(b) the set of all irreducible Brauer characters of a block b of N and for φ ∈ IBr(N ) we denote by IBr(G | φ) A similar related statement in the context of Green correspondence is given in [Dad84] . Note also that here the defect group of b ′ and b might differ. In the case where the defect groups coincide the statement follows from Section 12 of [Dad73] .
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Theorem A is proven by constructing various extensions of characters that belong to specific blocks. As a consequence we obtain a sort of generalization of the Theorem of . to [KS13] . Those inductive conditions are defined in the context of the reduction theorems of the Alperin-McKay and Alperin weight conjecture. Theorem C is a powerful tool in the investigations. We suspect our main results here should simplify the checking of the inductive conditions in general and hope that it gives new insights why they should hold. When B is a block of G, we write Irr(G) and Irr(B) for the sets of irreducible ordinary characters of G and those which are in B, respectively.
Theorem C. Let G be a finite group, and let N ⊳ G, H ≤ G and
, then there exists a character χ ∈ Irr(b) of height zero which extends to a character χ ∈ Irr(G) and which satisfies
(2) If χ ∈ Irr(b) extends to a character χ ∈ Irr(G), then there exists
of height zero which extends to a character χ ′ ∈ Irr(H) and which satisfies ( * ).
extends to a character φ ′ ∈ IBr(H) which satisfies ( * * ).
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In this paper we introduce in Section 2 the general notation and some fundamental character theoretic tools. In Section 3 we explore Dade's group G[b] and deduce several criteria for the extensibility of characters, and give a proof of Theorem C. We conclude the paper by constructing the character correspondence from Theorem A and proving by Theorem B a generalization of the Harris-Knörr theorem. 
Notation and general lemmas
In this section we explain most of the used notation and give several lemmas which are useful for our main results.
Notation 2.1 (Characters and p-blocks). For characters and blocks we use mainly the notation of [NT89] and [Nav98] , respectively. Let p be a prime. Let (K, O, k) be 30 a p-modular system, that is "big enough" with respect to all finite groups occurring here. That is to say, O is a complete discrete valuation ring of rank one such that its quotient field K is of characteristic zero, and its residue field k = O/rad(O) is of characteristic p, and that K and k are splitting fields for all finite groups occurring in this paper. We denote the canonical epimorphism from O to k by * : O → k.
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In this paper G is always a finite group. For g ∈ G we write cc G (g) for the conjugacy class of G containing g. We denote by Cl(G) the set of all conjugacy classes in G. For any subset X of G we denote by X + the sum x∈X x in KG and in kG, respectively. We write G 0 for the set of all p-regular elements of G. For subsets S, T ⊆ G we write S ⊆ G T if S g := g −1 Sg ⊆ T for some element g ∈ G.
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We denote by Bl(G) the set of all (p-)blocks of G. If N ⊳ G and b ∈ Bl(N ), we write Bl(G | b) for the set of all p-blocks of G covering b. We write Irr(G) and IBr(G) respectively for the sets of all irreducible ordinary and Brauer characters of G. If H ≤ G and if χ and θ are characters of G and H respectively, then we denote by χ H and θ G the restriction of χ to H and the induction of θ to G, respectively.
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For the p-block B ∈ Bl(G) we write Irr(B) and IBr(B) respectively for the sets of all characters in Irr(G) and IBr(G) which belong to B. For a character θ ∈ IBr(G) ∪ Irr(G) we denote by bl(θ) the p-block of G which θ belongs to. If N ⊳ G, we say that B ∈ Bl(G/N ) is contained in B and write B ⊆ B, if all irreducible characters of B lift to characters of B, see [Nav98, p.198] or [NT89, Theorem 5.8.2]. If N ⊳ G and φ ∈ IBr(N ), then we write IBr(G | φ) for the set of all irreducible Brauer characters ψ of G such that φ is an irreducible constituent of ψ N , see page 155 of [Nav98] .
We denote by λ B : Z(kG) → k the central function (central character) associated with B, see page 48 of [Nav98] . For φ ∈ IBr(B) and χ ∈ Irr(B) we write also λ φ 15 and λ χ instead of λ B .
For a group A acting on a set X and for X ′ ⊆ X, we denote by A X ′ the stabilizer of X ′ in A. In particular, if N ⊳ G and b ∈ Bl(N ), we denote by G b the stabilizer of b in G. Throughout this paper by a module we mean a finitely generated right module unless stated otherwise. For an indecomposable kG-module X we denote In addition we also consider sometimes blocks as algebras. ) . Assume H ≤ G and B ∈ Bl(G). We can 25 see B also as a two-sided ideal of the group algebra kG and hence it becomes a k[G × G]-module via β·(g 1 , g 2 ) := g 1 −1 βg 2 for β ∈ B and g 1 , g 2 ∈ G. We denote by B↓ H×H the k[H × H]-module given by the restriction of B. We define the diagonal subgroup ∆H of H × H by ∆H :
Notation 2.2 (Blocks as bimodules
The following is related to the theorem of Harris-Knörr [Nav98, (9.28)], see also 30 [HK85].
(a) We can write 
Proof. Part (a) follows easily by Lemma 5.10.9, and the proof of Theorem 5.10.12(i) of [NT89] .
In the situation assumed in ( of the following three cases holds: 
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Suppose that Case 3 occurs, that is,
The proof of Theorem 5.10.12(i) of [NT89] shows that
This implies that Case 1 holds, namely, there is a block
where D is a defect group of B ′ . Hence, by the hypothesis,
The following statement helps to determine blocks.
Proof. Part (a) follows from Lemma 2.5(a) of [Spä13] . By definition
The following statement seems to be well-known, but we give its proof for com-
Proof. According to Theorem (9.5) in [Nav98] it is sufficient to show that
Then the definition of induced blocks shows that λ
(2.1)
The following two technical statements help to control blocks that contain certain restrictions or extensions of characters.
where
Proof. Note that the considered blocks bl( φ We prove this by induction on | N, x : N |. We may assume bl(
for every y ∈ N, x . Let y ∈ N, x .
Case 1. Assume first that N, y = N, x . This implies that cc N,x (y) coincides with cc N,y (y) and is an N -orbit. Further because of G = N H and N ⊳ G, H permutes the N -orbits in cc G (y), that is,
Thus, by the definition of central functions
since |T| * is invertible in k and since cc N,x (y) ∩ H = cc N,x (y) ∩ M, x , the equations (2.2) and (2.3) imply that 
The two cases combined prove λ
This finishes the proof.
The converse of the above statement is true as well, even without the assumption
(a) Suppose some φ ∈ IBr(G) and φ ′ ∈ IBr(H) satisfy φ := φ N ∈ IBr(b) and
Proof. We restrict ourselves to prove part (a), since the proof of part (b) works analogously.
It is sufficient to verify that
Note that according to [NT89, Theorem 3.6.24(i)] it is sufficient to prove the equality on p-regular classes. Let g ∈ G 0 .
(Note that for those formulas the assumption
Thus, we get λ φ (cc G (g)
.
Together with the first case this shows bl( φ ′ ) G = bl( φ).
Extending to G[b]
We study here the group G[b] introduced by Dade in (2.9) [Dad73] , that is a normal subgroup of G b according to Proposition 2.17 of [Dad73] . This group plays a central role in the study of the ramification of blocks, covering a given block of a normal subgroup. In [Mur13] , Murai gives some character theoretic interpretation 15 of this group. We use the notation from [Mur13] .
Notation 3.1. Let N ⊳ G and b ∈ Bl(N ). Then let
where for every g ∈ G we denote by b 
Proof. Part (a) is given by (13.6) and Proposition 13.3 of [Dad73] . For (c) we note that there is a defect group D 0 of b with D ⊆ D 0 , see Theorem (4.14) of [Nav98] . Then, the assumption
by Corollary 12.6 of [Dad73] , see also Theorem 3.13 and Remark 3.14 of [Mur13] .
This group G[b] has the following behavior when going to quotients of G. We recall the following fact about characters belonging to isomorphic blocks. 
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Proof. We know by Fong's result Theorem 5.5.16(ii) of [NT89] that b and B have a common defect group since p ∤ |G/N |. Hence, it follows from Theorem 7 of [Kül90] (see Theorem 3.5 of [HK99] ) that B and b are naturally Morita equivalent of degree n for some integer n ≥ 1. Assume that the first case occurs, namely, that there is φ ∈ IBr(B) with φ N ∈ IBr(b). Then it holds n = 1. Therefore we get the assertion 40 by Theorem 4.1(7) of [HK99] . For the second case, a similar argument works by Proposition 2.4 of [HK99] .
Under additional conditions, extensions of characters can be uniquely determined by a block. 
+ , see the proof of Corollary 3.3 of [Mur13] .
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Hence we can write (cc G (y)
Thus there exists an element z ∈ y i N such that 
Hence λ B (cc G (z) + ) = 0 and ζ(z) * = 1 ∈ k. Thus,
Note that this statement follows from Corollary 12.6 of [Dad73] in the case where b and b ′ have a common defect group.
, there exists a block B ∈ Bl( N, h |b) and 
This proves that there exists an element z ∈ hM with λ B ′ (cc M,h (z)
The following lemma shows how a character correspondence can be deduced from existence of a character of G with several properties. On the other hand, by Lemma 3.6,
so that b ′ is an indecomposable direct summand of b↓ M×M with multiplicity at least n. Further since b is an indecomposable direct summand of kN , we see that b ′ is an indecomposable direct summand of (kN )↓ M×M with multiplicity at least n. Hence there exists a unique φ ′ ∈ IBr(B ′ ) ∩ IBr(H | φ ′ ), and it satisfies ( φ ′ ) N = φ ′ . Similar considerations apply to ordinary characters.
Next we show that B ′ is the unique block in Bl(
, see Theorem 5.10.11 of [NT89] . Thus,
An analogous result is the following. 
G is defined and by Lemma 2.3, B covers b. Thus, Lemma 3.4 applies, so the assertion follows from [HK99, Theorem 4.1(5) and (12)].
Finally we prove Theorem C, from which we later deduce Theorems A and B.
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If N ⊳ G and b ∈ Bl(N ) with G[b] = G, we can predict whether a character of b has an extension to G lying in a specific block by considering characters of local subgroups. In the situation where the defect groups of b and b ′ coincide Theorem 12.3 and Corollary 12.6 of [Dad73] proves that the extensibility question is determined locally.
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Proof of Theorem C(a)(1) and (b)(1). We first prove that there exists a character χ ∈ Irr(b) of height zero that extends to some J 0 with N ≤ J 0 ≤ G and J 0 /N ∈ Syl p (G/N ). Afterwards (a)(1) is a consequence of (b)(1), that we verify below. Notice that G = N H, according to Lemma 3.2(c).
Let c ∈ Bl(N D) be the unique block covering b, see Corollary (9.6) of [Nav98] . According to Problem (9.4) of [Nav98] , D is a defect group of c. Let µ ∈ Irr(c) be a 20 height zero character and χ ∈ Irr(N | µ). Then by Corollary (9.18) of [Nav98] the multiplicity of χ in µ N is not divisible by p, and χ is invariant in DN . Together with Exercise (6.7) of [Isa76] this proves that µ is an extension of χ. Hence there exists a character χ ∈ Irr(b) with height zero that extends to DN .
In the following let χ ∈ Irr(b) be a character that extends to DN . Let J be any subgroup with N ≤ J ≤ G and p ∤ |J/N |. According to Lemma 3.8 there exists a unique character κ (J) ∈ Irr(J), an extension of χ such that bl(κ (J) ) = bl( χ ′ H∩J ) J . Note that by their definition for every x ∈ H the characters κ (J) and κ
for every j ∈ J. By the uniqueness in Lemma 3.8 this implies
This implies that χ extends to G since for every prime ℓ the character χ extends 25 to some group K with K/N ∈ Syl ℓ (G/N ), see Corollary (11.31) of [Isa76] . Let θ ∈ Irr(G) be an extension of χ to G.
For every g ∈ G 0 we define a unique character ǫ (g) ∈ Irr( N, g ) by
By this definition ǫ (g) is a character of G/N . Now let ǫ : G → C be the map with ǫ(g) := ǫ (g p ′ ) (g p ′ ) for every g ∈ G, where g p ′ is the p ′ -part of g.
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In the following we verify several properties of ǫ in order to apply Brauer's characterization of characters later and prove thereby that ǫ is a linear character of G. Note that by definition ǫ is constant on N -cosets, and by definition ǫ(g) is a root of unity for every g ∈ G, since ǫ (g) is a linear character. Hence ǫ has norm 1. Now we compare ǫ(g) and ǫ(g x ) for g, x ∈ G. Since ǫ is constant on N -cosets, we may assume that g, x ∈ H. Now ǫ (g) and ǫ
(g x ) are uniquely defined by equations
Since θ ∈ Irr(G), we see from (3.1) that ǫ
). Accordingly ǫ is a class function of G.
Let E be an elementary subgroup of G, hence it is a direct product of a p-group 5 and a p ′ -group E p ′ . By the definition of ǫ the map ǫ E is a character if and only of ǫ E p ′ is a character. Hence we may assume that E is a p ′ -group. For every e ∈ E, ǫ (e) ∈ Irr( N, e ) is defined by
Because of (3.2) ǫ (e) satisfies also
Accordingly ǫ E coincides with a linear character ζ ∈ Irr( N, E ) given by κ ( N,E ) = 10 θ N,E ζ . Applying now Brauer's characterization of characters known from Corollary (8.12) of [Isa76] we see that ǫ is a linear character of G. Accordingly χ := θǫ is a well-defined character. Since ǫ(1) = 1 by definition, χ is an extension of χ, and χ satisfies
According to Lemma 2. J . Note that by the definition, for every x ∈ H the characters κ (J) and κ
According to Theorem (8.29) of [Nav98] this implies that φ extends to G, since for every prime ℓ = p the character φ extends to some group K with N ≤ K ≤ G and K/N ∈ Syl ℓ (G/N ). Let θ ∈ IBr(G) be an extension of φ to G.
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For an ordinary character µ we denote by µ 0 its restriction to the p-regular elements. For every g ∈ G 0 we let ǫ (g) ∈ Irr( N, g ) be the unique character with N ≤ ker(ǫ (g) ) and
Note that N, g /N is a p ′ -group, and hence every µ ∈ IBr( N, g /N ) coincides with ν 0 for a unique character ν ∈ Irr( N, g /N ). By the definition,
Like before we now verify that ǫ ∈ Irr(G). The definition implies again that ǫ has norm 1.
The considerations above prove again that ǫ is a class function of G, namely, 5 ǫ(g) = ǫ(g x ) for every g, x ∈ G. Since ǫ can be seen as a character of G/N , we may assume that g, x ∈ H. Now ǫ (g) and ǫ
(g x ) are uniquely defined by the following equations
Recall that θ ∈ IBr(G). Because of (3.3) we see that ǫ
Next we want to show that ǫ E is a character for every elementary subgroup 10 E ≤ G. Like before we may assume by the definition of ǫ that p ∤ |E|. For every e ∈ E, ǫ (e) ∈ Irr( N, E ) is defined by κ ( N,e ) = θ N,e (ǫ (e) ) 0 , and because of (3.4)
By [Isa76, (8. 12)] we see that ǫ ∈ Irr(G). Hence φ := θǫ 0 ∈ IBr(G) is a well-
According to Lemma 2.5 this implies
Slightly altering the proof we can prove Theorem C(a)(2), (b)(2) and (c)(2).
Proof of Theorem C(a)(2), (b)(2) and (c)(2). We only sketch here a proof since it is very similar to the proofs given before. The block b ′ is invariant in H since H[b ′ ] = H by Lemma 3.6. Like in the proof of Theorem C(a)(1) and (b)(1),
we see that a character in Irr(b ′ ) with height zero extends to J 0 ∩ H. The remaining considerations of the proofs of Theorem C(a)(1), (b)(1) and (c)(1), can be applied with only small changes and prove the statement.
Maps between characters and blocks
The extensions constructed in Theorem C give rise to several character corre-25 spondences. We restrict ourselves to giving here one example. Besides the existence of the extensions, the equations ( * ) and ( * * ) describe relationships between blocks of restricted characters. This technical property plays a key role in the proof of the following statement. It allows the application of Proposition 3.6 of [Spä13] , and this in turn gives the control on the blocks considered.
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In the second part of this section we deduce from the character correspondence a generalization of the Harris-Knörr theorem. Since we are considering a more general situation, the obtained map is only surjective but not bijective in general. Furthermore we also loose information on the size and structure of defect groups of the considered blocks. 
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• The character φ 0 := φ • π N0 ∈ IBr(N 0 ) extends to G, that is, there exists an extension φ 0 ∈ IBr( G).
• The unique irreducible constituent of ( φ 0 ) Z is faithful (Note that in [NS12] one considers an ordinary character but the proof can be transferred to Brauer characters thanks to [Nav98, Theorem (8.14)].) According 10 to the proof the group G coincides with G × Z as set, and its multiplication is defined using a 2-cocycle α : G/N × G/N → Z. The group N 0 coincides with thank also the referee for several useful comments, especially on [Dad73] .
